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LetX bea topological space. Theclosureof = {(x,x) : x ∈ X} inX × X is a symmetric relation
on X . We characterise those equivalence relations on an inﬁnite set that arise as the closure
of the diagonal with respect to a T1-topology.
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1. Introduction
Our starting point is the following well-known proposition: A topological space (X ,τ) is T2 if and only if the diagonal
 = {(x,x) : x ∈ X} is a closed subset of X × X . Generally speaking, the closure of the diagonal of a topological space (X ,τ) is a
reﬂexive relation on X . This relation can be used to characterise further separation axioms on topological spaces which has
been done in [3].
Which reﬂexive and symmetric relations on a set X can be represented as the closure of the diagonal on X × X with respect
to some topology?Thisquestion is verynatural and is still open. In thispaper,weconﬁneourattention toequivalence relations
and T1-spaces.
We use the following simple observation throughout the paper:
Let (X ,τ)bea topological spaceand letx,y ∈ X . Then (x,y) /∈Clτ () if andonly ifx andyhavedisjointopenneighborhoods.
This statement is straightforward to prove; moreover it implies that Clτ () is always a symmetric relation. We make use of
the observation without explicitly mentioning it.
As a simple example, consider any inﬁnite set X and equip it with the topology Pcf (X), that is the collection of all coﬁnite
subsets together with the empty set. A topology τ is T1 iff τ ⊇ Pcf (X). In Pcf (X) any two members intersect. So by the
observation made above one obtains Clτ () = X × X .
Deﬁnition 1.1. Let R be an equivalence relation on an inﬁnite set X . Then R is said to be T1-realisable if there is a T1 topology
on X such that R = Clτ ().
The goal of this article is to characterise T1-realisable equivalence relations. Our main result is the following theorem:
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Theorem 1.2. Let X be an inﬁnite set, and R an equivalence relation on X. Then the following statements are equivalent:
(1) R is not T1-realisable;
(2) R has only ﬁnitely many equivalence classes, and at least one of them is ﬁnite, but not a singleton.
The paper is organised as follows. The remainder of Section 1 consists of basic results needed throughout the article.
Section 2 is devoted to the proof Theorem 1.2. The ﬁnal section contains open questions; moreover we show in Example 3.1
that the closure of the diagonal need not be transitive.
The following statement is straightforward to prove, and it allows us to consider just bases instead of whole topologies
when dealing with the closure of the diagonal. By a basis we mean a collection B of open subsets of a set X such that for all
B1,B2 ∈ B one obtains
for every x ∈ B1 ∩ B2 there is B ∈ B such that x ∈ B and B ⊆ B1 ∩ B2.
Lemma 1.3. Let X be a topological space and B a basis of X. Then (x,y) /∈ Clτ () if and only if there exist disjoint members A,B ∈ B
such that x ∈ A and y ∈ B.
If we consider all topologies on a set X , then every equivalence relation can be written as the closure of the diagonal of
some topology, as the following argument shows:
Let R be an equivalence relation on X . For each x ∈ X , we let R(x) = {y ∈ X : (x,y) ∈ R} denote the equivalence class of x. Let
τR = {V ⊂ X : x ∈ V implies R(x) ⊂ V}.
It is easy to see that {R(x) : x ∈ X} is a basis for a topology and therefore x,y can be separated by disjoint open sets iff (x,y) /∈ R.
Next, we introduce some notation. It is well known that equivalence relations and partitions of a set X are in a natural
correspondence. For an equivalence relation R, let Part(R) = {R(x) : x ∈ X}, and for each partition P on X let Eq(P) = {(x,y) ∈
X × X : (∃B ∈ P) : x,y ∈ P}. It is obvious that Part(R) is a partition and Eq(P) is an equivalence relation on X . The elements of
a partition are called “blocks”. We also refer to the the equivalence classes of an equivalence relation R (that is, the blocks of
Part(R)) as “blocks”.
2. Proof of Theorem 1.2
As the statement of Theorem 1.2 shows, the cardinalities of the blocks R(x) of an equivalence relation R play an important
role. First, let us look at the easiest setting.
Proposition 2.1. If R is an equivalence relation on an inﬁnite set X such that every block of R is inﬁnite, then R is T1-realisable.
Proof. Consider the following topology on X:
τ = {X ,∅} ∪ {V ⊂ X : x ∈ V implies R(x) ∩ V is coﬁnite in R(x)}.
It is easy to check that τ is T1. Suppose that (x,y) ∈ R and pick open neighborhoods U and V of x and y, respectively. Clearly,
U ∩ R(x) and V ∩ R(x) are coﬁnite subsets of the inﬁnite set R(x) by the deﬁnition of τ , and thus they intersect. Conversely,
suppose that (x,y) /∈ R. Then R(x) and R(y) are disjoint open neighborhoods of x and y, respectively. Hence, R = Clτ (). 
For any equivalence relation R on a set X we deﬁne three important sets: C{* }(R), the set of all singleton blocks, Cﬁn>1(R),
the set of all ﬁnite blocks containing more than one element, and C∞(R), the set of all inﬁnite blocks.
More formally, we let C{* }(R)={B ∈ Part(R) : B={x} for some x ∈ X} and C∞(R)={B ∈ Part(R) : B is inﬁnite} and last
Cﬁn>1(R) = Part(R) \ (C{* }(R) ∪ C∞(R)).
Proposition 2.2. If all blocks of an equivalence relation R are inﬁnite or singletons, R is T1-realisable.
Proof. We just give a sketch. Let Y =⋃ C∞(R) and let Z =⋃ C{* }(R). Clearly, the restriction of R to Y has only inﬁnite blocks.
Endow Y with the topology described in Proposition 2.1 and give Z the discrete topology. It is easy to see that this is a basis
for a topology on X = Y ∪ Z such that R = Clτ (). 
If we allow for ﬁnite blocks with more than one element, considerations get more involved.
Proposition 2.3. Let R be an equivalence relation on an inﬁnite set X such that Cﬁn>1(R) is ﬁnite and nonempty.
(1) If Part(R) is ﬁnite, then R is not T1-realisable.
(2) If Part(R) is inﬁnite, then R is T1-realisable.
Proof. (1) Assume that there is a T1 topology τ such that Clτ () = R. Pick a ∈ X such that R(a) is ﬁnite and there exists b /= a
such that (a,b) ∈ R.
Claim 1. Every open neighborhood of a is inﬁnite. If there were a ﬁnite neighborhood of a, then {a} would be open since τ is T1.
So {a} and X \ {a} separate a and b, which implies (a,b) /∈ Clτ () = R, contrary to the choice of a,b.
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Claim 2. There exists B* ∈ C∞(R) such that for every open neighborhoodU of a one obtains B* ∩ U /= ∅. Suppose the contrary,
so for all B ∈ C∞(R) there is an open neighborhood UB of a such that UB ∩ B = ∅. Then U ′ =
⋂{UB : B ∈ C∞(R)} is open since C∞(R)
is ﬁnite, and U ′ ⊆⋃ Cﬁn>1(R) ∪
⋃ C{* }(R), which is a ﬁnite set. Therefore U ′ is a ﬁnite neighborhood of a, contrary to Claim 1. So
Claim 2 is proved.
Now pick B* from Claim 2 and let x ∈ B* . We show that x and a cannot be separated by open sets, which then contradicts
(a,x) /∈ R. Pick open neighborhoods U,V of a and x, respectively. Using Claim 2, pick y ∈ B* ∩ U. Since (x,y) ∈ R, they cannot
be separated by open neighborhoods and because U is an open neighborhood of y, one obtains that U and V intersect.
(2) We distinguish two cases:
Case 1. C{* }(R) is inﬁnite. Recall that Cﬁn>1(R) is ﬁnite by the assumption of the proposition. For each C ∈ Cﬁn>1(R) pick an
inﬁnite subset SC ⊆
⋃ C{* }(R) such that if C,D ∈ Cﬁn>1(R), then SC ∩ SD = ∅. We give a basis for a topology τ by
B = {{x} : x ∈⋃ C{* }(R)} ∪
{U ⊆ X : U ∈ Pcf (B) for some B ∈ C∞(R)} ∪
{V ⊆ X : V ∩ (⋃ Cﬁn>1(R)) = {x} for some x and V = {x} ∪ U
for some U ∈ Pcf (SR(x))}.
We argue shortly that B is indeed a basis. Designate the three “parts” of B by P1,P2,P3 such that B is the disjoint union of
P1,P2 and P3. Clearly, the intersection of two members of Pi for i = 1,2 is empty or again in Pi. Let V ,W ∈ P3 and suppose that
V ∩ (⋃ Cﬁn>1(R)) = {x} andW ∩ (
⋃ Cﬁn>1(R)) = {y}. Moreover, let V = {x} ∪ U for some U ∈ Pcf (SR(x)) and letW = {y} ∪ U ′ for
someU ′ ∈ Pcf (SR(y)). If x /= y, then V ∩ W = ∅. If x = y, thenU ∩ U ′ ∈ Pcf (SR(x)) and V ∩ W = {x} ∪ (U ∩ U ′). So V ∩ W ∈ B. Last,
let Mi ∈ Pi. We get M1 ∩ M2 = M2 ∩ M3 = ∅ and M1 ∩ M3 is empty or contains for each x ∈ M1 ∩ M3 a member B of B such
that x ∈ B ⊆ M1 ∩ M3: take B = {x}.
Moreover, a case distinction shows that x,y ∈ X can be separated by disjointmembers of B if and only if (x,y) /∈ R. For x /= y
in X there are basic open sets containing x but not y and vice versa. So the topology generated by B is T1.
Case 2. C{* }(R) is ﬁnite. So C∞(R) is inﬁnite since Part(R) is inﬁnite. Recall that Cﬁn>1(R) is ﬁnite by the assumption of the
proposition. For each C ∈ Cﬁn>1(R) pick an inﬁnite subset SC ⊆ C∞(R) such that if C,D ∈ Cﬁn>1(R), then SC ∩ SD = ∅. Note that
there is a subtle difference in the deﬁnition of SC in the above case and SC here: In Case 1, SC was a subset of X , and here SC
is a subset of C∞(R). We give a basis for a topology τ by
B = {{x} : x ∈⋃ C{* }(R)} ∪
{U ⊆ X : U ∈ Pcf (B) for some B ∈ C∞(R)} ∪
{V ⊆ X : V ∩ (⋃ Cﬁn>1(R)) = {x} for some x and V = {x} ∪ (
⋃T )
for some T ∈ Pcf (SR(x))}.
In a very similar way to what we did in Case 1, we can check that B is a basis. Again, the topology generated by B is T1.
Moreover, a case distinction shows that x,y ∈ X can be separated by disjoint members of B if and only if (x,y) /∈ R. 
Corollary 2.4. On an inﬁnite set, an equivalence relation with ﬁnitely many blocks is T1-realisable if and only if every ﬁnite block
is a singleton.
Proposition 2.3 describes what happens if Cﬁn>1(R) is ﬁnite and nonempty. Next, we look at what happens if Cﬁn>1(R) is
inﬁnite. First, we prove that if each block consists of exactly two points, then the relation is T1-realisable.
Lemma 2.5. LetX bean inﬁnite set,andRanequivalence relationonX such that card(R(x)) = 2 for all x ∈ X.ThenR is T1-realisable.
Proof. We construct a topological space (Z ,σ) whose ground set Z is equinumerous to X and equip it with an T1-realisable
equivalence relation S such that card(S(z)) = 2 for all z ∈ Z . With the Axiom of Choice, it is not difﬁcult to prove that there is
a bijection ϕ : Z → X such that (z1,z2) ∈ S if and only if (ϕ(z1),ϕ(z2)) ∈ R. Then τ = {ϕ(U) : U ∈ σ } is a topology satisfying the
condition of the lemma. Let Z = X ×Q× {0,1}. Note that clearly Z is equinumerous with X (here we use the Axiom of Choice
again). Moreover, we let the equivalence relation S on Z be deﬁned by
(x,q,k) ∼S (x′,q′,k′) iff x = x′ and q = q′.
Clearly, each block of S has two elements.
We deﬁne B ⊆ Z as basic open if and only if there are x ∈ X ,q ∈Q and δ ∈Q>0 such that B is a coﬁnite subset of
Bδ(x,q) := {x} × Bδ(q) × {0,1},
where Bδ(q) = {q′ ∈Q : |q′ − q| < δ}. Intuitively speaking, Bδ(x,q) is a series of two copies of Bδ(q), such that each copy lies at
its appropriate place in the set X ×Q× {k} for each k.
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It is easy to verify that the collection of all basic open sets is a basis that gives rise to a T1-topology.Moreover, the following
is readily veriﬁed: Members (x,q,k) and (x′,q′,k′) of Z can be separated by basic open sets if and only if x /= x′ or q /= q′. So
using Lemma 1.3 and the reasoning at the beginning of this proof we are done. 
Proposition 2.6. Let X be an inﬁnite set, and R an equivalence relation on X. Suppose that Part(R) is inﬁnite and each block has
more than one element. Then R is T1-realisable.
Proof. ForeachB ∈ Part(R)pick twodistinct representatives r1(B),r2(B) ∈ B. LetW = {r1(B) : B ∈ Part(R)} ∪ {r2(B) : B ∈ Part(R)},
and S = R ∩ (W × W). Clearly, each block of S has only two elements, so by Lemma 2.5, there is a T1-topology σ on W such
that Clσ (W ) = S.
Using σ , we equip X with a topology with the desired property. We say that V ⊆ X is basic open if and only if one of the
following two conditions holds:
(1) V ∈ σ , that is V ⊆ W and V is open;
(2) there is x ∈ X \ W and A ∈ σ with A ∪ {r1(R(x))} ∈ σ and B = {x} ∪ A.
As we easily verify, the collection B of basic open elements is indeed a basis. We deﬁne τ to be the topology generated by B.
Suppose that (x,y) ∈ R and that Vx ,Vy are basic open sets containing x and y, respectively. So this leads to case distinction.
Suppose that x,y /∈ {r1(R(x)),r2(R(x))}. Then there areAx ,Ay in σ such thatVx = {x} ∪ Ax andVy = {y} ∪ Ay andAx ∪ {r1(R(x))} ∈ σ
and Ay ∪ {r1(R(y))} ∈ σ where of course R(x) = R(y). So (Ax ∩ Ay) ∪ {r1(R(x))} ∈ σ . Moreover, every neighborhood of r1(R(x))
in (W ,σ) is inﬁnite. (Suppose otherwise: since σ is T1, we could separate r1(R(x)) and r2(R(x)) by disjoint open sets in W ,
contradicting (r1(R(x)),r2(R(x))) ∈ S = Clσ (W ).) So since (Ax ∩ Ay) ∪ {r1(R(x))} is an open neighborhood of r1(R(x)), it cannot
just consist of r1(R(x)), therefore Ax ,Ay have nonempty intersection, and so have their respective supersets Vx and Vy. The
other cases are treated in a similar way.
Conversely, suppose that (x,y) /∈ R. One has to distinguish some cases. Assume that x /∈ {r1(R(x)),r2(R(x))} and y /∈ {r1(R(y)),
r2(R(y))}. Look at r1(R(x)) and r1(R(y)). Since (r1(R(x)),r1(R(y))) /∈ S = Clσ (W ), they can be separated by disjoint open neigh-
borhoods U1,U2, respectively. By deﬁnition of B, the sets {x} ∪ U1 and {y} ∪ U2 are disjoint basic open sets separating x and y.
The remaining cases are treated in a similar way, implying that x and y can always be separated by basic open sets if (x,y) /∈ R.
So we get R = Clτ (). 
Corollary 2.7. If R is an equivalence relation on a set X such that Part(R) is inﬁnite, then R is T1-realisable.
Proof. The case where Cﬁn>1(R) is ﬁnite has been dealt with earlier. So, suppose that Cﬁn>1(R) is inﬁnite. Note that X is
the disjoint union of A =⋃ C{* }(R), B =
⋃ Cﬁn>1(R) and C =
⋃ C∞(R). Endow B with the topology described in Proposition
2.6 and give A ∪ C the topology constructed in 2.2. The disjoint union of the two topological spaces just mentioned give a
T1-topology on X such that Clτ () = R. 
The results in this section imply Theorem 1.2.
3. Further directions
First, we construct a space such that the closure of the diagonal is not transitive.
Example 3.1. On X = ω let
• D1 = {3n + 1 : n ∈ ω}, and
• D2 = {3n + 2 : n ∈ ω}.
Let τ be the topology on ω generated by the subbasis
S = Pcf (ω) ∪ {D1} ∪ {D2}.
Obviously, τ is T1.
One has (2,3) ∈ Clτ () and (3,4) ∈ Clτ () but (2,4) /∈ Clτ (). Thus, Clτ () is not transitive.
In Section 1 we saw that any equivalence relation is realisable by some topology, although the topology given there is in
general not even T0.
Proposition 3.2. Every equivalence relation R on a set X is T0-realisable.
Proof. Let R be an equivalence relation on the set X . For each block B ∈ Part(R), we pick a representative r(B) ∈ B, and deﬁne
U ⊆ X to be open if and only if the following condition holds:
if U ∩ B /= ∅ for some B ∈ Part(R), then r(B) ∈ U.
It is not difﬁcult to see that the collection of open sets is a topology. To see that this collection is T0, pick x /= y ∈ X . If
(x,y) /∈ R, then R(x) is an open set that contains x but not y. If (x,y) ∈ R, then at least one of x,y does not equal r(B), where
B = R(x) = R(y), and we may assume y /= r(B). Then {x,r(B)} is an open set containing x but not y.
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Next, we show that Clτ () = R. Let (x,y) ∈ (X × X) \ R. Then R(x) and R(y) are disjoint open sets containing x and y,
respectively. So (x,y) /∈ Clτ (). Conversely, take (x,y) ∈ R. By construction of the open sets, every open neighborhood of x
and every open neighborhood of y contains r(R(x)) = r(R(y)). So, x and y cannot be separated by disjoint open sets, which
implies that (x,y) ∈ Clτ (). 
The present article characterises T1-realisable equivalence relations. A natural extension of this is the examination of the
realisability of symmetric and reﬂexive binary relations without the requirement that the relation be transitive. We want to
conclude the article with two open questions:
Question 3.3. Let X be any (ﬁnite or inﬁnite) set. For which symmetric and reﬂexive relations R does there exist a topology
τ on X such that Clτ () = R? What happens if we conﬁne our attention to T0- or T1-topologies?
Many spaces have a transitive closure of their diagonal. This issue is addressed in the following question:
Question 3.4. Characterise those topological spaces such that theclosureof theirdiagonal is transitive. Is therea “geometrical
interpretation” of transitivity?
Acknowledgments
We are grateful to both (anonymous) referees for their helpful comments. One referee suggested the statement and the
proof of Proposition 3.2 and pointed out an error in Example 3.1. The other referee helped us improve the overall structure
and the language of the article.
References
[1] J.L. Kelley, General Topology, Van Nostrand, New York, 1955.
[2] A. Csaszar, Separation axioms for generalized topologies, Acta Math. Hungar. 104 (2004) 63–69.
[3] M.L. Colasante, C. Uzcátegui, J. Vielma, Low separation axioms via the diagonal, Appl. General Topol., submitted for publication.
